Abstract-The SEIR model for the transmission dynamics of influenza is extended by the addition of second-order space derivatives to enable the geographic spread of the disease in a population which has not been vaccinated against it. The resulting system of four reaction-diffusion equations is solved by a convergent finite-difference technique which is first-order accurate in time and second-order accurate in space. The resulting methods are analyzed for local truncation errors and stability. The numerical results verify that the proposed method is more competitive in terms of numerical stability than the standard finite-difference method.
I. INTRODUCTION
Mathematical models for epidemics are tools that can be used to predict the epidemic outbreak which obtained from computer programming to calculate the various parameters such as the speed of the spread of the virus, density of population, age structure, distance and frequency of travel of the population in the area. Influenza has caused more morbidity and mortality than all other respiratory diseases. There are annual seasonal epidemics that cause about 500,000 deaths worldwide each year. The analysis of the spread of influenza epidemics dates back to the 18 th century. Since then different researchers developed these models on the basis of different type of anthropological parameters such as traffic patterns, contact patterns at work, in schools, at homes, at public places and the airline traffic (see, for instance, [1] , [2] - [8] ). These studies, however, gave no detail on the numerical method(s) used to solve the resulting nonlinear boundary-value problems (BVPS). This paper proposes an implicit finite difference method for solving the influenza epidemic model proposed in [9] . Although implicit by construction, the method can be implemented explicitly.
The model monitors four populations namely: the proportion of susceptible ( , ) , S x t exposed ( , ), Ext infected ( , ) I x t and recovered ( , ) R x t individuals, respectively, at time t and distance x from the origin ( ).
L x L   
The total population denoted ( , ) N x t is given by ( , ) ( , ) ( , ) ( , ) ( , ) .
N x t S x t E x t I x t R x t
    The influenza epidemic model (Massad et al. [10] ,
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where 
and the boundary conditions used for the domain are
II. NUMERICAL METHODS

A. Discretization and Notations
A solution of the system (1)-(6) may be computed by finite-difference methods by discretizing the space interval [ , ] LL  into M sub-intervals each of width 0, h  and the time interval 0 t  is discretized in steps each of length 0. 
m n m n m n m n S x t E x t I x t R x t which will be denoted by , , , and , ,
  
Equations (9)-(12) may be re-arranged to give, for
,
where 1 , , ,
The method (13)- (16) is denoted as method ( ).
DM  Verification of accuracy may be obtained by considering the local truncation errors,
respectively, which may be obtained from (9) -(12). Using Taylor series expansion in ( 
Equations (17)- (20) verify that method ()
C. Standard Finite-Difference Method
The corresponding standard finite-difference method for solving the initial/boundary value problems (IBVP) obtained by using (7) and (8) in (1)-(4) and evaluating the right-hand functions in (1)- (4) 
where
The method (21)- (24) )   4  2  3  2  33 4  2  2   11  ,  12 2
III. STABILITY ANALYSES
The von Neumann or Fourier series method seek the condition(s) under which small errors of the forms, 
1/ 2, 2 0 and 4 
into (21), (22), (23) and (24), respectively, yield the von Neumann stability restrictions as follows. The stability restrictions of the method for S in (13) are 
The stability restrictions of the method for R (16) are
It is followed that the stability intervals of the method () SM  and () DM  are given by the intersection of the restriction on p in each value of h, see Equations (42), (43), (44) and (45) and (35), (37), (39) and (41), respectively. These result show that the method () DM  is seen to be more competitive (in terms of stability intervals) than the method ( ).
SM  Numerical simulations is demonstrated in
Section III to confirm these results.
IV. IMPLEMENTATION
The derivative S x   in (6)- (7) may be approximated by the
2
S x t S x h t S x h t Oh xh
with a similar replacement being made to , and
The implementation of the boundary conditions (6)- (7) to second-order, yield, on and ,
Thus, equation (47) introduce the exterior grid points 11 ( , ) ( , ) and ( , ) ( ( 1) , ). S E I R can be obtained simultaneously and thus the time taken to solve the initial-boundary-value problem (1)-(6) will be reduced significant.
V. NUMERICAL EXPERIMENTS
A. Experiment I: Effect of Time-
Step,  In order to test the stability and convergence properties of the novel scheme constructed in Section II, the model (1)- (6) is simulated by using Table I ). As above described and Fig. 2 . These show that the proportion of all populations spread throughout domain [ 2, 2]  as time increases. The obtained results appear to be almost coincident with Samsuzzoha et al. [1] in their Fig. 2 , therefore, showing that the proposed method (14)- (17) gives a reliable representation of the numerical solutions associated with (1)-(7). 
VI. CONCLUSIONS
A first-order in time and second-order in space, finite-difference scheme has been developed and implemented in this paper for computing the solutions of the SEIR influenza model in one dimension (1)-(4). The von Neumann method is used to investigate the stability of the scheme. Numerical experiments are chosen to investigate the dynamic behavior of the model for different step-lengths. It is seen that the proposed method is more competitive (in terms of numerical stability) than the standard finite-difference method. Our results also show that the proposed method (the method () DM  ) produced numerically-stable solutions for the SEIR influenza model which are similar to those reported in Samsuzzoha et al. [1] .
